Abstract. Building on Fujita-Griffiths method of computing metrics on Hodge bundles, we show that the direct image of an adjoint semi-ample line bundle by a projective submersion has a continuous metric with Griffiths semi-positive curvature. This shows that for every holomorphic semi-ample vector bundle E on a complex manifold, and every positive integer k, the vector bundle S k E ⊗ det E has a continuous metric with Griffiths semi-positive curvature. If E is ample on a projective manifold, the metric can be made smooth and Griffiths positive. 
Applying Griffiths method of computing metrics on Hodge bundles, we will be able to compute the curvature of direct image of the structure sheaf for proper Kähler submersions. It turns out that the metric on the top direct image of the structure sheaf of the source manifold is semi-negatively curved.
We then have to determine the singularities of the Hodge metrics. For a proper surjective map f : Z n+r −→ X n , the Jacobian ideal Jac f is the ideal of O Z generated by the n × n-minors of the matrix of the differential of f (computed in any chart). The discriminant locus ∆ f ⊂ X is defined to be the image under f of the sub-scheme of Z where the map f is not submersive, that is the sub-scheme cut out by Jac f . Denote X − ∆ f by X 0 and f −1 (X 0 ) by Z 0 . The map f 0 := f |Z 0 : Z 0 −→ X 0 is then a projective submersion. With these notations, our main technical lemma generalizes Fujita's observation [6, lemma 1.12] . Lemma 1.5. Let f : Z −→ X be a proper Kähler surjective map between two complex manifolds.
(1) Then, the Hodge metric on (f 0 ) ⋆ (K Z 0 /X 0 ) extends as a metric with poles on f ⋆ (K Z/X ). ( 2) The Hodge metric on (f 0 ) ⋆ (K Z 0 /X 0 ) extends as a smooth metric on f ⋆ (Jac f ⊗ K Z/X ). This is far simpler than general results obtained by Kawamata, Zücker, Kollár and Cattani-Kaplan-Schimd. This paper is a revised and expanded version of our preprint [17] . Shortly before we ended the writing of our text, Bo Berndtsson gave a nice proof of the Nakano positivity of the direct image of adjoint ample line bundle in the same setting than ours [2] . We nevertheless feel worth to display our techniques for these are different from his.
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The tools
2.1. Ampleness and positivity. We refer to [11] or [14, §6] for basics about ample vector bundles and to [8] or [4, chapter VII] for basics about positive vector bundles. All vector bundles are assumed to be holomorphic.
A vector bundle E on a compact complex manifold X is said to be semi-ample if for some positive integer k, its symmetric power S k E is generated by its global sections. Associated to E, we have π : P(E) −→ X the variety of rank one quotients of E together with its tautological quotient line bundle O E (1). The semi-ampleness of E is rephrased that for every x ∈ X, every section s x of O E (k) over the fiber P(E x ) extends to a global section of O E (k) over P(E). This in particular implies that O E (k) is generated by its global sections. A vector bundle E is said to be ample if its associated line bundle O E (1) is ample on P(E). This in particular implies the existence of an integer k such that for every x ∈ X, every section s x of O E (k) over the first infinitesimal neighborhood of the fiber P(E x ) extends to a global section of O E (k) over P(E).
Recall the formula for the curvature of the Chern connection of the quotient metric h q on O E (1) of a chosen metric h on E. Here a ⋆ parametrizes rank one quotients of E and F S(h x ) is the Fubini-Study metric of the hermitian form h x on E x .
Cyclic covers.
A reference for this part is [5, § 3] . Take a semi-ample line bundle L on a complex manifold Y and fix a positive integer k such that the tensor power L k is generated by its global sections. Then Bertini's theorem (see for example [10, 
is a smooth hypersurface of the total space L, and the map p is a finite cover of degree k totally ramified along the zero locus D s of s. The space Y s may also be described as the spectrum Spec A s of the algebra
. In our setting, we consider a projective submersion φ : Y −→ X of relative dimension r between two complex manifolds and L a semi-ample line bundle on Y . A generic section of L k gives rise to a covering of Y which we in fact regard as a family of coverings of the fibers of φ. Because p s is a finite morphism, the spectral sequence of composition of direct image functors reduces to the following:
Here we have used Serre duality on the fibers of the smooth morphism φ. 
have constant dimension. By elliptic theory they hence form a differentiable sub-bundle
By a theorem of Griffiths, the 
is non-degenerate. We define the primitive cohomology to be
, which is also a differentiable sub-bundle of H d . By the Hodge-Riemann bilinear relations, the differentiable sub-bundles 
with respect to the Gauss-Manin connection (or equivalently with the flat metric on
where V is a local vector field on B and σ a local section of E p .
We now apply this result in the case of the family of the cyclic covers φ
is not transverse to the zero section. We set
becomes a smooth family. Then, since ∇ 0 vanishes, the above theorem implies the following
with the Hodge metric is Griffiths (actually even Nakano) semi-negative.
2.4.
Singularities of the Hodge metric. We now deal with the general case, namely f : Y −→ B may not be smooth. We first recall the method of Fujita [6] . We therefore assume that the base B is one dimensional.
The Hodge metric on the direct image of the relative canonical sheaf is described as follows. Let b ∈ B be a point and let (U, t) be a local coordinate centered at We just give the typical example which occurs for a local model of our cyclic covers (for some positive integer m).
The cotangent bundle Ω Ys is generated by dt, dz, dl subject to the relation kl k−1 dl − dt − mz m−1 dz = 0. If ω · dt is written as η(z, l)dz ∧ dl for a holomorphic function η(z, l), then ϕ 0 may be chosen to be ϕ 0 = k −1 l 1−k η(z, l)dz with a pole of order k − 1 on the fiber over t = 0 and no singularities elsewhere.
We can now go back to the proof of our main lemma.
Proof of lemma 1.5. Let f : Z n+r −→ X n be a proper Kähler surjective map between two complex manifolds of relative dimension r. Let z = (z 1 , z 2 , · · · , z n+r ) and x = (x 1 , x 2 , · · · , x n ) be local holomorphic coordinates on Z and X around z 0 and x 0 := f (z 0 ). The map f is locally given by (f i (z)) 1≤i≤n . Let Ψ ∈ f ⋆ (K Z/X ) and write
the Hodge norm of Ψ is hence
The Hodge metric can hence only acquire poles, located furthermore over the discriminant locus of f . If
, where the sum is taken over all multi-indexes J ⊂ {1, 2, · · · , n + r} of length |J| = n, manely J = {j 1 , j 2 , . . . , j n } with 1 ≤ j 1 < j 2 < . . . < j n ≤ n + r. It follows that
Here the last sum is taken over all multi-indexes J ⊂ {1, 2, · · · , n + r} of |J| = n, and {m 1 , . . . , m r } = {1, 2, · · · , n + r} \ J.
In our setting, we take a global section s of L k transverse to the zero section and consider the corresponding cyclic cover Y s of Y . Note that if the section s is locally given by σ(x 1 , x 2 , · · · , x n , y 1 , y 2 , · · · , y r ) and the 
In the first case, φ • p s is a submersion at y 0 and its Jacobian ideal is O Ys at y 0 . In the second case the Jacobian ideal contains
. This has to be compared with the formula
Proof of Theorems
Proof of Theorem 1.1. Let φ : Y −→ X be a projective submersion of relative dimension r between two complex manifolds and L be a semi-ample line bundle on Y . Note that the relative projectivity condition is only used to ensure the local freeness of
We take a positive integer k so that L k is generated by its global sections. Take a global section s of L k transverse to the zero section and consider the corresponding cyclic cover Y s of Y . We have seen that the Hodge metric on R r (φ• p s ) ⋆ O Ys is smooth (as a Hodge metric on a smooth family) non-degenerate and semi-negatively curved outside the discriminant locus Σ sα , is continuous on X, and may acquire zeros at the points x over which the section s |P(Ex) is identically zero. We now explain how the semi-ampleness assumption on the line bundle L helps to remove those singularities of the Hodge metric.
When L is semi-ample, D ∈ |L k | moves. We choose n + r + 1 generic sections s α that generate
Ys is continuous on X, smooth outside Σ h := ∪ α Σ sα and without zeros.
Next let us discuss its curvature property. Recall the formula
for a nowhere zero local holomorphic section ξ of a holomorphic vector bundle E equipped with a smooth hermitian metric h. The last two terms give the norm at x of the fundamental form of the inclusion
, and a nowhere zero local holomorphic section ξ ∈ Γ(U, R r φ ⋆ (L −1 )) achieving the value ξ 0 at x 0 and normal at x 0 for the metric h (i.e. ∇ h ξ(x 0 ) = 0). Then, the last two terms in the formula (3.1) vanish at x 0 . The corollary 2.2 now asserts the function log ||ξ|| 
Since h is continuous and Σ h is an analytic subset (of zero Lebesgue measure), we can conclude that the continuous metric h on R r φ ⋆ (L −1 ) is Griffiths semi-negative on the whole of X.
Proof of Theorem 1.2. We now assume that L is ample. Here, the ampleness assumption ensures the vanishing of R 1 φ ⋆ (K Y /X ⊗ L) which in turn easily ensures the local freeness of
Let us recall Legendre-type formula applied for a metric h =
Applying Griffiths curvature formula (Corollary 2.2) for individual covering and the formula (3.1) for a line sub-bundle we infer that in the right hand side, the first term is semi-positive. We need to add further Hodge metrics h α to make the second term -hence the left hand side -strictly positive. The explicit expression in formula (2.1) and (2.2) will help to translate the algebraic ampleness assumption on L into a negativity property for a well chosen metric on R r φ ⋆ (L −1 ). Hence, we have for
We now take a positive integer k so large that the map
x ) is surjective for every x ∈ X. By the compactness of Y , we can henceforth choose enough, but a finite number of sections s α ∈ H 0 (Y, L k ) to ensure positivity in all the directions in the Legendre formula. This gives continuous hermitian metrics on φ ⋆ (K Y /X ⊗L) with Griffiths positive curvature. Using a regularization process as described in [16] these metrics may be smoothed keeping Griffiths positivity of the curvature. Our computations make explicit the idea that L being ample, the sections s |Yx move sufficiently to make the operator ∇ p : E p −→ Ω 1 B ⊗ E p−1 have non-zero contribution in the curvature formula.
